Enrico Iacopini

QUANTUM MECHANICS
Lecture 22

The angular equation
The radial equation

Enrico Iacopini

November 26, 2019

D. J. Griffiths: paragraph 4.1

Enrico Iacopini QUANTUM MECHANICS Lecture 22 November 26, 2019 1/ 17



—
QM in 3D

Enrico Iacopini

@ In the Last Lecture we have concluded that,
in general, the time-independent
Schrddinger equation in 3D reads

h2

— PP + V() Y(F) = ED(F)
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@ In the last Llecture we have concluded that, Enrico facopini
in general, the time-independent
Schrddinger equation in 3D reads
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— PP + V() Y(F) = ED(F)

© However, it happens very often that the
energy potential is central, which means
that V is a function only of the distance 7

from the origin.
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—
QM in 3D

@ In the last Llecture we have concluded that, Enrico facopini
in general, the time-independent
Schrddinger equation in 3D reads
K2

— PP + V() Y(F) = ED(F)

© However, it happens very often that the
energy potential is central, which means
that V is a function only of the distance 7
from the origin.

© This allows to simplify quite a Lot the
resolution of the time-independent
Schrbdinger equation.
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—
QM in 3D
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Let us start by observing that, in case of a
central potential energy V(7), it is more
convenient to adopt the spherical coordinates

(,rv 61 ¢)

T = 71 S8inbcoso r= \/3;2 + Y2 + 22
Yy = Trsindsing 6 = arccos(z/r)
z = Trcosb ¢ = arctg(y/x)

= d3r =dzrdydz = r?dr sin6 dé do

Enrico Iacopini QUANTUM MECHANICS Lecture 22 November 26, 2019

3 /17



—
QM in 3D

In spherical coordinates, the Laplacian operator Enrico Iacopini
becomes

1 0 o 1 o o
v - A2 (G) (el
r29r T or T r2 39N0 66 s o6 +

1 2 1. 1 -
O = W) + 5 J6,9)

r2 89n20 82 = T2

where we have introduced the two operators J
and W defined as follows

_ ~ 1 8 o} 1 52
= J(6,¢) = 9 (sing ) 4 1 9
J J0.0) = 2538 (Sm ae> T 5in26 892

W = W(r)= c’% <7~2§>
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—
QM in 3D
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To solve the time-independent Schrédinger

equation
—ﬁ—2v2w +V(r)Y = EY
om o
2
> —a(wv39) + (vor - ) =0

we start by Looking for solutions that can be
factorized as follows

W(r, 6,¢) = R(r) -Y(6,9)

with the idea that they may form a basis.

Enrico Iacopini QUANTUM MECHANICS Lecture 22 November 26, 2019 5/ 17



—
QM in 3D

Enrico Iacopini

If we multiply the equation by —27};{2 and we

take into account that J operates only on the
angular variables whereas W only on the radial
variable, we obtain

R (I¥)+Y (WR) — 27;’—;2<V(T) — E)RY =0

which, dividing by ¥ = RY, becomes

[y ]+ [fovm - (v - €)=
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—
QM in 3D
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But the first term is a function only of the
angular variables, whereas the second term
depends only on 7, therefore the equation can be
satisfied only if both terms are constant, or, in
other words, if

Liiv)=—k
v (77)
)23 (v - €)=

where Kk is a suitable complex number.
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The angular equation

Enrico Iacopini

@ Let us start by solving the angular equation

== ()

2
= k = L {%(sz’nea—y>—|— _1 ay]
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The angular equation

Enrico Iacopini

@ Let us start by solving the angular equation

=t ()

=L 1[0 (g2 4 L O
Y sinb |86 86 $1M6 A2

@ If we multiply by —Y sin20, we obtain

2
srme2 (smea—y> + oY _ —kY sin?o
a6 A2

Enrico Iacopini QUANTUM MECHANICS Lecture 22 November 26, 2019 8/ 17



The angular equation

Enrico Iacopini

@ This equation admits square-integrable
solutions if and only if k=1((lL+ 1)
with [ a non negative integer.
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The angular equation

Enrico Iacopini

@ This equation admits square-integrable
solutions if and only if k=1((lL+ 1)
with [ a non negative integer.

@ In this case, the solutions are the so-called
spherical harmonics Y (0, ¢), defined as

2+ 1 — |m])!
4m (L + |m|)!

Y™ (6, ¢) = G\J P™(cos@) e"™?®

where
o |m| <l is an integer;
ee=(—1)"form >0 and e =1 for m < 0;
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The angular equation

Enrico Iacopini

The P™(z) are the associated Legendre
functions, defined in terms of the Legendre
polynomials

1 at

R2) = Srigz

(22 — 1)

as (0<m<\)

m

(1 _ z2)m/2 d

A7) az™

P.(z)

P ™(z) = PM(2)

Enrico Iacopini QUANTUM MECHANICS Lecture 22 November 26, 2019 10 / 17



The angular equation
Q It turns out that Enrico Tacopini
Ym0.8) = (—1)™ (v, ¢))*
and we have

2m m *
/0 d,qb/o smeae@f“’(e,cp)) Y6, ¢) = 6w Smmv
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The angular equation
@ It turns out that Enrico Tacopini
Ym0.8) = (—1)™ (v, ¢))*
and we have

o7 s *
/ d(D/ sin6 do (YL;m/(Q, (D)) th(e, ®) = 0w Ommv
0 0

© = The spherical harmonics form a
complete set of orthonormal functions
on the surface of the unit sphere.
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The angular equation
@ It turns out that Enrico Tacopini
Ym0.8) = (—1)™ (v, ¢))*
and we have

o7 s *
/ d(D/ sin6 do (YL;m/(Q, (D)) th(e, ®) = 0w Ommv
0 0

© = The spherical harmonics form a
complete set of orthonormal functions
on the surface of the unit sphere.

© For historical reasons, ( is called the
azimuthal quantum number and m is
called the magnetic quantum number.
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The angular equation

We have (=0 - \/OO — i Enrico Iacopini
4T
3 ,
Ll=1 : Y =—,|—sin6e?

8

3

YL = | — cos6
47

15 ;
L=2 : Y2 =, ——sin%0e*?®
\ 327

1 .
Yl = —, 15 5in6 coso et
8m
R (3cos?6 — 1)
2 167
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The radial equation

Enrico Iacopini
The angular solutions Y (6, ¢) are the same for
any spherically symmetric potential energy.

The potential energy V(r) enters only in the
equation concerning R = R(T):

L2 (4) - (v ) =i

which, by multiplying by R, becomes

2 (r22X) —QZL—TQ<V( )~ E)R— U+ 1R =0
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The radial equation
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But a AR d?R

— |7 21— 2

ar < dr) + ar?
and
d? d drR drR = dR d?R
— rR)=—(R+r— | =—"-+ —F+1r——
dr2( ) ar ( T r) d,r+d,r+ ar?
therefore

R 2
& <r2d> — % (TR)
ar dar?
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|
The radial equation
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It is, now, quite useful to define a new radial
function

u(r) =r R(r)

In terms of this new function, the radial equation
becomes

d? 2 ((t+1
Td_;;_ ;Ln (V('r)— )u(r):%u(’r)

or, equivalentlLy

2
2L (vir - £)ue - LE uiry =0

which it is called the radial equation.
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|
The radial equation
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@ It is quite obvious from what we have
obtained that the radial equation Looks the
same as the one dimensional time
independent Schrddinger equation for an
effective potential

h? L(L + 1)

?"2

V(r) =Vv(r) + o
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The radial equation

Enrico Iacopini

@ It is quite obvious from what we have
obtained that the radial equation Looks the
same as the one dimensional time
independent Schrddinger equation for an
effective potential

h? L(L + 1)

?"2

V(r) =Vv(r) + o

@ The term % W:;l) is the so-called
centrifugal term: it tends to throw the
particle away from the origin and this is the

reason of its name.
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The radial equation

Concerning the normalization of the function Enrico Tacopini
u(r), Let us remember that

— 3 A2 —
1_/d7"|1//('r)|_
21

/Oo r2dr /7r siné do do |R(T) Y (6, )2 =
0 0 0

- /OOO r2d'r|R('r)|2/sz'n6 46 dp |Y (6, ¢)|2 =

= [T rarireP = [ arun)P
0 0

which means, in other words, that the wave
function normalization condition requires that

/°° ar [u(r)? = 1
0
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