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© In the past Lectures, we have seen various
interesting properties concerning simple
gquantum systems.
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© In the past Lectures, we have seen various
interesting properties concerning simple
gquantum systems.

@ Some of these properties are accidentals
(such as, f.i., the constant spacing between
consecutive energy Levels for the harmonic
oscillator); but some of them are of general
nature (such as the uncertainty principle, the
orthogonality of the stationary states ...).

@ It is time, now, to have a deeper view of
the mathematical structure of the theory,
to establish more solid bases of QM.
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@ We have learned that the physical states are Enrico Iacopini
described by square integrable w.f.

© We have also Learned that the physical
observables are described by operators:
like z—Z=z; p—p=-—-1thl
such that

<z> = /amw* (:T:\lf)z/d:z:\ll*:z;\lf

<p> = /d:z:\lf* (ﬁw)z—ih/dmw*g—:
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@ We have Learned that the physical states are Enrico Iacopini
described by square integrable w.f.

© We have also learned that the physical
observables are described by operators:
like z—>zZ=z; p—>p=—-ihl
such that
<z > = /d,x\u* (zW) = /d,x\u*m\u
owv
ox

© And in general, for any physical observable
Q(z, p) = Q = Q(z, —th2) we have indeed

<@>= [azvr (QW)

<p> = /d,a:\lf* (pW)——zh,/d,ccw*
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@ We have also remarked that, if W1 and W»
are solutions of the Schrddinger equation,
then, given its linear structure, also the
function

V=WV +06BWV, with o,8 € C

solves the Schrodinger equation and
it represents a possible physical state.
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@ We have also remarked that, if W1 and W»
are solutions of the Schrddinger equation,
then, given its linear structure, also the
function

V=WV +06BWV, with o,8 € C
solves the Schrodinger equation and

it represents a possible physical state.

@ It is the superposition principle.
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@ The most natural mathematical structure
able to describe properly these fundamental
aspects is the one of the complex vector
spaces.
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@ The most natural mathematical structure
able to describe properly these fundamental
aspects is the one of the complex vector
spaces.

@ A vector (linear) space H on the complex
field is a group with a commutative sum,
in which it is also defined a multiplication
by complex numbers (scalars).
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The commutative group structure requires that

@ if a and b belong to H, then
a+b=b+4+acH

@ there exists the null vector 0, such that
a+0=aforanyaeH

@ the sum is associative

(@+b)+c=a+ (b+c0c)
@ every element a of H has its own (unique)
opposite a, such that

at+a=0
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The multiplication by scalars must be such that

eifaeCandaeH = axa€ceH
ea(a+b)=aa+ab
@e0a=0

@ (—l)a=a=—a
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© We have also seen that the statistical
interpretation has to do with the integral

/d,:c W(z, )" W(z,t) = /dzcl\lf(m,t)|2
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@ But this Llinear structure is not enough .... Siified BTosi

© We have also seen that the statistical
interpretation has to do with the integral

/d,:c W(z, t)* W(z,t) = /da:|\l/(:n,t)|2
© In order to deal with this aspect, the most

suitable structure to set up the theory of QM
is the Hilbert space.
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@ But this Llinear structure is not enough .... Eoricoflacoplnd

© We have also seen that the statistical
interpretation has to do with the integral

/d,:c W(z, t)* W(z,t) = /dcc|\l/(:n,t)|2
© In order to deal with this aspect, the most

suitable structure to set up the theory of QM
is the Hilbert space.

@ A Hilbert space is a vector space on the
complex field in which it is defined an
inner scalar product; not to be confused
with the product by complex scalars
mentioned before ...
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@ The inner scalar product <, > is such that,
foranya, bce Hand a e C

<alb > C
<alb+c>=<alb>+4 <alc>
< alb >=< bla >*
<ala>=|al?>0; =0 4iff a=0
<alab>=a<alb> =

= < acalb>=a* <alb>
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@ The inner scalar product <, > is such that,
foranya, bceHand a e C

< alb>eC
<alb+c>=<alb>+4 <alc>
< alb >=< bla >*
<ala>=lal?>0; =0 iff a=0
<alab>=a<alb> =

= < aalb >=a* < alb >

@ One of the most relevant consequences of
the above properties is the Schwarz
inequality, for which, in general, we have

| <alb>|*> < <ala><b|b>=]al”|b?
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@ The states of any physical system are
described by vectors of a suitable Hilbert
space.
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Enrico Iacopini
QM axiom:

@ The states of any physical system are
described by vectors of a suitable Hilbert
space.

@ If two vectors are proportional: w = av
they describe the same physical state.
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Basis in a Hilbert space Enrico Tacopini

The vectors {ej} form a basis for the Hilbert
space iff

@ they are linearly independent, i.e.

Y aei=ouei=0 & Vi toy =0
3
@ every vector v belonging to the Hilbert space

can be written as a Linear combination of the
elements of the basis:
V = 7 €
where the «y; are suitable complex numbers
that, due to the Linear independence property
of the {ej}, are unique.
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© The number of elements of a basis is a Enrico Iacopini

characteristic of the Hilbert space, which
can be finite or numerable.
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© The number of elements of a basis is a Enrico Iacopini
characteristic of the Hilbert space, which
can be finite or numerable.

@ It can be shown that we can always choose a
basis which is orthonormal, which means that
< ejlej >= d;y,
where 9;; is the Kronecker symbol
(0s5 = 0 when © # j; d;5 = 1 when 7 = 7).
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© The number of elements of a basis is a Enrico Iacopini
characteristic of the Hilbert space, which
can be finite or numerable.

@ It can be shown that we can always choose a
basis which is orthonormal, which means that
< ejlej >= d;y,
where 9;; is the Kronecker symbol
(0s5 = 0 when © # j; d;5 = 1 when 7 = 7).

© When the basis is orthonormal, the
coefficients -y; are simply given by the
scalar product of the vector with the
elements of the basis:

vi=<eglv> = v=) <elv> e
J
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@ However, a Hilbert space may (it will !) have Enrico Tacopini
various different orthonormal bases.
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@ However, a Hilbert space may (it will !) have Enrico Tacopini

various different orthonormal bases.
Q@ Let {e;} and {fk} be two of them.

© Since {e;} is a basis
Viifi=) Aje = Aje€

J

and because also {fk} is a basis
Vm : em = Bgmfk
Therefore
em = BimAjkej < (AB)jm = 0im
which means that the matrices A and B are
suchthat B=A"! & A= B"1.
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