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Finite potential well: scattering states

Enrico Iacopini

Let us come, now, to the stationary solutions
corresponding to scattering states for the finite
square well, for which the (already defined)
potential V() reads

lz| <a:V(z) = —W
lz| > a : V() 0

with Vo > 0.
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Finite potential well: scattering states

The scattering solutions correspond to £E > 0
and, therefore, the equations to be solved are

Enrico Iacopini

2l <a Q’iﬁ‘f—ww=ew
lz| > a —%‘Zf =EY
= ‘%’=—227;sz—w

where the coefficients

vV2m(E + W) 2mE
A h

are both real and positive.

T

If
>
Il
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@ The solutions of these second order
differential equations are well known:

T< —a : Yx) = Aek? 4 Be T
lz| <a : Y(x)=Ce" + De V7
z>a : Yx)=Fe*? 4 Ge W

where the complex constants

A, B, C, D, F, G must guarantee the
continuity of ¥ and 1// = % in *a, together
with the normalization of 4.
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@ The solutions of these second order
differential equations are well known:

T< —a : Yx) = Aek? 4 Be T
lz| <a : Y(x)=Ce" + De V7
z>a : Yx)=Fe*? 4 Ge W

where the complex constants

A, B, C, D, F, G must guarantee the
continuity of ¥ and 1// = % in *a, together
with the normalization of 4.

@ The four continuity conditions will reduce
the independent arbitrary constants them
from six to two.
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@ This means that, for every energy E > 0
there will be two independent solutions.
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@ This means that, for every energy E > 0
there will be two independent solutions.

@ Moreover, since V(x) is an even function,
the two independent solutions
corresponding to the same energy can be
choosen to have opposite parity.
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@ This means that, for every energy E > 0
there will be two independent solutions.

@ Moreover, since V(x) is an even function,
the two independent solutions
corresponding to the same energy can be
choosen to have opposite parity.

© However, instead of Looking for even/odd
solutions, as we have done for the bound
states, it is more interesting to Look for the
so-called scattering solutions.
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Finite potential well: scattering states
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@ By definition, the scattering solutions are
such that, in one of the two asymptotic
regions, (x — 400 or £ — —00) the w.f.
consists only of a single phase term:

left — to — right : forz — +o00, Y(x) ox e™*
right — to — left : fort — —o0, Y(T) ox e *P*

with p > 0.
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@ By definition, the scattering solutions are
such that, in one of the two asymptotic
regions, (x — 400 or £ — —00) the w.f.
consists only of a single phase term:
left — to — right : forz — +o00, Y(x) ox e™*
right — to — left : fort — —o0, Y(T) ox e *P*

with p > 0.

@ In our case, for instance, a left-to-right
scattering solution will be characterized by
the general structure

< —a : YT) = Ae?  Be T
lz| <a : Y@ =Ce"™ 4 De V7
T>a : Yx)=Fek”
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@ Before Looking at the conditions on the
coefficients A, B, C, D, F coming from the
continuity conditions, it is interesting to put
beforehand some general considerations.
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@ Before Looking at the conditions on the
coefficients A, B, C, D, F coming from the
continuity conditions, it is interesting to put
beforehand some general considerations.

@ Let us start by observing that the terms
Ae'kT Be~"kT and Fe' T contribute to define
the wave-function outside the potential
region, where the particle is free.

Enrico Iacopini QUANTUM MECHANICS Lecture 14 October 16, 2019 7/ 16



Finite potential well
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Let us remember, now, a general property of the
time-dependent Schrodinger equation, concerning
the probability.

We have seen that, if we define

o(z,t) = |W(z,t)?
ih [, OW W™
Sz, 1) = —%("’ oz Y 8:10)

then we can write a conservation Law as follows

o0, 84 _
ot = oz
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Finite potential well
@ For a stationary solution, where Enrico facopin
Y(z, t) = Y(z, 0)eEL/P
||? and, therefore, p cannot be function of
time, therefore, in this case, we have

aJ d'L/J d'(/}*

— =0 = 'z/J* — =Y =0

ar dz
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@ For a stationary solution, where
Y(z,t) = Y(z, 0)e tEW/hA
||? and, therefore, p cannot be function of
time, therefore, in this case, we have

ay d’(/}*

aJ
=0 = _—|v__—W

= =0
dx

@ If we integrate the above equation from any
position 1 to any position x>, we obtain

V¥ (x2) —(392) — Y(z) 2

= Y*(z1) —(331) —’(ﬂ(flh
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Finite potential well

Let us apply this general result to our scattering Enrico Tacopini
solution and Llet us assume 1 < —a and > > a.

With a straightforward calculation (see next two

slides) we obtain

AR — |82 = |F|?

The physical interpretation
of the threee terms is that

A,

ey Pt Ae T describes the
incident wave against the
\\ potential region, Be <z
Y the back-scattered wave

(reflected) and Fe®® the
transmitted wave.

-a +a

a
X
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calculation ...

We have assumed 1 < —a and x> > a: if, for Enrico Iacopini
simplicity, we define ¥; = ¥ (x;), we have

wl — Aei/cxl _|_ Be—ik)ml. 'po — Fe?;/€$2
and

ay ays
b = Y3 _da:2 — Yo _da:2

Fe*®(—ik) F*e™ "™ = 2ik|F|?

— l_—*e—’LICIz ('L/C) Fe’Z/CfEQ _

As far as the term

ay, _ ., 3V
dx ! dx

JlE’l/flk

we have
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calculation . ..
i e s
Jl — <A*e—il€m1 + B*emm)zk;(Ae““”l _ Be—'Llc:L‘1> _
_<Ae7;/cml + Be‘z’ml)(—i/c) (A*e‘“‘ml . B*ez'/c:c1> |
— ’Z/C<|A|2 _ A*Be—%km _|_ AB*eQi/czl _ |B|2> +
-|—?;/€<|A|2 _ AB*GQikml + A*Be—Qi/cml _ |B|2> —
= 2z’/c(|A|2 - |B|2>
and, therefore

h=J4 = |A?—|B?=|F?
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@ The esplicit evaluation of the coefficients
A, B, C, D, F is given in Appendix 4.
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@ The esplicit evaluation of the coefficients
A, B, C, D, F is given in Appendix 4.

@ An important quantity, which describes the
effect of the potential well on the particle
propagation, is the transmission coefficient
T defined as
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@ The esplicit evaluation of the coefficients
A, B, C, D, F is given in Appendix 4.

@ An important quantity, which describes the
effect of the potential well on the particle
propagation, is the transmission coefficient
T defined as

|FI?

T = ME

© From the Appendix calculations, we have

2kT

F = Ae *ka
2rk cos(2ra) — i(r? + k2)sin(2ra)
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Finite potential well

Enrico Iacopini

Therefore, we have

4722 .
4r2K2 cos?2(2ra) + (r2 4+ k2)2sin2(2ra)
412 K2
4r2Kk2 + (r?2 — k2)2s5in2(2ra)

T =
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Finite potential well

The transmission

4722

T = a4r2K2 4 (r2 — k2)2sin2(2ra)

shows that 7 = 1 whenever sin(2ra) = 0.

This happens when

2m(E +Ww) _nmw

2ra = nm =>1r = —_—
J h? 2a
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Finite potential well
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Using the definitions of » and k, we obtain

4E(E + W)
AE(E + W) + V@sin2(2ra)

The transmission
shown in the picture
refers to an electron
which scatters against
a potential well of
depth \, = —5eV
and width
2a = 2nm.

Transmission

a
[ 5 10

Energy (eV)
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