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The analitic method

In the previous Lecture we have seen that, if we Enrico Tacopini
define

Zo=1 L e= P E— khw
m o

the time-independent Schrddinger equation for
the harmonic oscillator

B A2 d?y 1 2,2 _
s + ST Y(z) = E Y(x)
becomes
a?Y(E) o =
e €2P(¢) + 2k Y(€) =0

and, given its asymptotic behaviour, it may be
appropriate to Look for solutions of the type

Y(g) = e 3¢ x(&)
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The analytic method

We have Enrico Tacopini
ay —1g2 —1g2 ax
_— = —&e 2 e 2 _
aE '3 X + de
d2w _l£2 2 _l$2 _l£2 d’X
= —e 2 e 2 — fe 2 _r
a2 X+ € X — £ e
2
ge 3 +e sl
— 2 _,EZ dX
= —1 —2¢e
< (¢ )X —2¢& 7.
+ _%52 d2X
ag?
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The analytic method

@ Therefore, the Schrodinger equation Enrico Iacopini
PYE) .
s 2K =20
I ORI C)
becomes
_1 dX 1.2 d2X
28%(¢2 — 1)x — 2¢e2¢ -3 X|
€3 )X — 2¢ T

—g2e7 38y 4 2Kke 38 x = 0
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The analytic method

Enrico Iacopini

@ Therefore, the Schrdodinger equation

PYE) o _
g~ VO 2R =0
becomes
“1€20¢2 _ 1)y — pge—i€3X | 12 d?X|
e 2% (&7 — 1)x — 2¢e e +e e

—¢2e7 38 4+ 2ke 2 x = 0

@ and, after multiplying by 6%52, we finally
obtain
2
Px _ ,pdx

422 de + 2k —-1)x=0
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The analytic method

Enrico Iacopini

© The equation

d,2
d_$2_2£d_$+(2K_1)X 0

is the Hermite differential equation.
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The analytic method

Enrico Iacopini

© The equation

d,2
d_$2_2£d_$+(2K_1)X 0

is the Hermite differential equation.

@ To obtain functions

Y(E) = x(¢) e 3¢

that can be normalized, we need that

2k — 1) =2n withmn =0, 1, 2, 3,... and, in
this case, the solutions of the above equation
are the Hermite polynomials x(§) = Hn(&).
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The analytic method

@ Since we have defined E = Kk Aw and Enrites [Eaepiit
2k—1=2n = kK=n+3
we conclude, once again, that the only
possible energy values for the stationary
states of a quantum oscillator are

En=(n+ %)ﬁ’w
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|
The analytic method

@ Since we have defined E = Kk Aw and Enrites [Eaepiit
2k—1=2n = kK=n+3
we conclude, once again, that the only
possible energy values for the stationary
states of a quantum oscillator are

En=(n+ %)ﬁ’w

@ The corresponding w.f. ¥, are
1

Yn = An 3_552 Hn (£)
or, more explicitly

1 T 2
Yn(T) = An e_§<%> Hn <£>
Zo
in agreement with the result already
obtained with the algebraic method.
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Conclusion

Enrico Iacopini

The normalization constant A, can be
determined in the usual way

2
T —<§>
1= |An|2/d:1: H$L<—> e \°
To

and we obtain again <$o = —)

mw\ 1 —lmw g2 muw
"’”“""(m) Ve H"("" _>

for the energies E, = <n + %) hw.
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Completeness

Enrico Iacopini

Similarly to what we have seen for the infinite
potential well, also for the harmonic oscillator it
turns out that the set of the vy, solving the
time independent Schrbdinger equation is
complete.

This means that every square integrable and
differentiable function f(xz) can be written as

f(@) =) cnn(z), with cp = /dm i (z) f(x)
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A remark

Enrico Iacopini
@ Let us start by considering the stationary
state of the harmonic oscillator described by
the w.f. W,. We know that

<H>=En=<n+%>ﬁw
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A remark

Enrico Iacopini

@ Let us start by considering the stationary
state of the harmonic oscillator described by
the w.f. W,. We know that

<H>=En=<n+%>ﬁw

@ But, what about the expectation values of
the kinetic and potential energy < T > and
<V >.
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A remark

Enrico Iacopini

@ Let us start by considering the stationary
state of the harmonic oscillator described by
the w.f. W,. We know that

<H>=En=<n+%>ﬁw

@ But, what about the expectation values of
the kinetic and potential energy < T > and
<V >.

© In Classical Mechanics, their average values
over a full time period are equal.
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A remark

Enrico Iacopini

@ Let us start by considering the stationary
state of the harmonic oscillator described by
the w.f. W,. We know that

<H>=En=<n+%>ﬁw

@ But, what about the expectation values of
the kinetic and potential energy < T > and
<V >.

© In Classical Mechanics, their average values
over a full time period are equal.

© What happens in Q.M. ?
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A remark

@ Let us start by evaluating Enrico facopini
<T >= 55 <P >
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A remark

@ Let us start by evaluating Enrico facopini
<T >= 55 <P >

@ We can calculate < $2 > using the
definition, but there is a more elegant way to
do it, using the raising/Lowering operators !
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A remark

© Let us start by evaluating Enrico Iacopini
<T >= 55 <P >,

© We can calculate < p2 > using the

definition, but there is a more elegant way to
do it, using the raising/Lowering operators !

© Let us remember that

T (e F 19)
a = ———(mMwi Fip
* 2mhw +
. |mhw
= D=1 T<a+—a_>
= I= L<a++a_>

2mw
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A remark
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@ Therefore, we have

e oo o) -

mhw
= - a4+a4+ — 040— — QA-_Q4 + G-Q—

3
Il
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A remark

Enrico Iacopini

@ Therefore, we have

= (e ma) (e - o)
e = — 5 a4+ — a— ay —a— ) =

mhw
= - a4+a4+ — G40— — QA-_Q4 + G_Q—

@ But, clearly, for any given stationary state ¥
<arayr >=<a_a_ >=0
and therefore

mhw
T<< ara— >+ < a-ay >>

< P>
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A remark
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But we have already shown that ara—_Yn = n Y,
and a—a4+¥n = (n + 1)Yn, therefore, being Yn
normalized, we have

<ﬁ2>=m7m"(n+n+1)=(2n+1)m7m"
_ 1 s hw _
> <T>=_—<p@>=""Cn+1) =
1 1 1
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A remark

o Since <V >=< H>-—-<LT >, CLearLy also Enrico Iacopini
for <V > we have

1
<V>=§En=<7_>

in agreement with Classical Mechanics.

§88888§
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A remark

o Since <V >=< H>-—-<LT >, CLearLy also Enrico Iacopini
for <V > we have

1
<V>=§En=<7_>

in agreement with Classical Mechanics.

@ This result holds for stationary states:
in general, as shown in Appendix 1, we have

<T> = %< H > +Acos(2wt + ¢)

<V > = %< H > —Acos(2wt + ¢)

where A and ¢ are suitable real quantities.
§§8888S§
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A further remark
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A further remark

@ We have seen both in the case of the infinite SUIAED BRI
square well and of the harmonic oscillator
that the ground stationary state
possesses an energy higher than zero :

e for the infinite square well we have seen that

E . —_ /12 E § — _1 @ 27'('2
™" om\a/) ~ 2m\a
e for the harmonic oscillator, we have got

1
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A further remark

Enrico Iacopini

@ We have seen both in the case of the infinite
square well and of the harmonic oscillator
that the ground stationary state
possesses an energy higher than zero :

e for the infinite square well we have seen that

E . —_ /12 E § — _1 @ 27'('2
™" om\a/) T 2m\a
e for the harmonic oscillator, we have got

1

@ But in Classical Mechanics these energies
can be as small as we want and also null.
Why it is not so also in Q.M. 7
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A further remark

@ The reason is in the uncertainty principle. Enrico Iacopini
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A further remark

@ The reason is in the uncertainty principle. SHITED JEEEPITT

@ Let us start by considering the harmonic
oscillator: the energy expectaction value

reads
_ D2 1
A = p——|——mw2£2
2m 2
1 R
= E=<H>=2—<’p2>+—mw2<$2>
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A further remark

@ The reason is in the uncertainty principle. Enrico facopini

@ Let us start by considering the harmonic
oscillator: the energy expectaction value

reads
0 P 1 2452
H — + —mw?’E
2m+2
. 1 R
= EE<H>=2—<p2>—|——mw2<m2>

© If we consider any stationary state,

< T >=< P >= 0 and this clearly holds also
for the state of minimal energy, therefore

E = —a + mw
2m
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A further remark

@ But, according to the uncertainty principle, Enrico Iacopini
h h 1
Og0p > — = Op > ——
TP =5 P =20,

therefore

1 /A\? 1 1
>_— (Z) = 4+ Zmw?c? = F(o
—2m<2> ag+2 e (0z)
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A further remark

@ But, according to the uncertainty principle,

h A1
Oz0p 2> — = Op > ——
TP =5 P= 20,
therefore
1 /A\? 1 1
E>—— (=) =4+ —mw?c2= F(o
_2m<2> a§+2 z (0z)

@ The function F(oz) has a minimum when

% = 0. The oy corresponding to the
minimum is the solution of the equation
arF 1 AN2 —2 1 )

= — | =) =+ -—mw 20z =0=
Aoz 2m<2> o3 + 2 z

2 1 <ﬁ>2 1
= MW 0y = — | — —
m\2 Oz

Enrico Iacopini
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A further remark

@ In other words, the minimum of F(oyz) is Enrico Lacopini
reached when

- 1</1>21
mw<by = —|( — =

m\2/) &3
s 0t = () i = (o) =
T \2) m2w?2 \2mw
h
~2
=52=_—
T 2mw
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A further remark

© In other words, the minimum of F(oz) is
reached when

m\2/ &3
4 AN? 1 h \?
=8, = (= =
2/) mlPw? 2muw
h
= 52 = ——
2mw

@ For this value of & we have

. -~ 1 /hR\2mw , 1, A
FEn) = Frin = 5(5) Tho + 5me 5
N L L
4 4 2

Enrico Iacopini
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A further remark
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In conclusion, for the harmonic oscillator,
because of the uncertainty principle,

the expectation value of the energy on any state
must be such that

- h
E=<H>2F(0z) 2 F(0a) = Frnin =
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A further remark
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© In the case of the infinite square well, since
the particle must stay between 0 and a, the
worst case (highest value) corresponds to
0% = %2, when the particle is found for half
the cases immediately near 0 and for half the

cases immediately near a.
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A further remark

Enrico Iacopini

© In the case of the infinite square well, since
the particle must stay between 0 and a, the
worst case (highest value) corresponds to
0% = %2, when the particle is found for half
the cases immediately near 0 and for half the

cases immediately near a.

© Therefore, because of the uncertainty
principle, we will always have that
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A further remark

@ But the particle energy is constituted only by Enrico Iacopini
the kinetic term, and, since on every
stationary state < p >= 0, we will have

E =< H>= = > — 1
< > 2m 2m — 2m \a 1)

which states that the uncertainty principle
forbids again the possibility of E = O,
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A further remark

@ But the particle energy is constituted only by Enrico Iacopini
the kinetic term, and, since on every
stationary state < p >= 0, we will have

E =< H>= = > — 1
< > 2m 2m — 2m \a 1)

which states that the uncertainty principle
forbids again the possibility of £E = 0,

@ The energy of the infinite square well ground
state was found to be

2
£, — L(ﬂi)
2m \ a

in agreement with the condition (1).

8888888
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Exercise

Enrico Iacopini

A harmonic oscillator is described, at t = 0, by
the w.f. W(z,0) = A <4wo(z) +3i wl(:c))

a) find the normalization constant A;

b) determine the p.d.f |[¥(x, t)|?;

c) find <z >, < p>and < E > as functions of
time.
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