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Stationary states

Enrico Iacopini

@ It is time, now, to see how to
solve the Schrddinger equation

oV h? 52w
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Stationary states

Enrico Iacopini

@ It is time, now, to see how to
solve the Schrddinger equation

oV h? 52w

th ot  2m ox2

+Vvw

@ We will proceed under the hypothesis that
the potential energy V = V/(z) is time
independent.
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Stationary states

Enrico Iacopini

@ The Schrodinger equation is a Linear
differential equation, which means that if
W, and W, are solutions, then also
V=aW,+0W,
is a solution, for any value of the complex
numbers o and 3.
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Enrico Iacopini

@ The Schrodinger equation is a Linear
differential equation, which means that if
W, and W, are solutions, then also
V=aW,+0W,
is a solution, for any value of the complex
numbers o and 3.

© This property gives us the idea to start
Looking for a subset of "simple”
solutions of the Schrodinger equation, and
then try to get any possible solution simply
as their Linear combination.
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Stationary states

Enrico Iacopini

© Naturally, the possibility of obtaining the
most general solution of the Schrodinger
equation as Linear combination of this subset
of "simmple" solutions must be
demonstrated ...!

Enrico Iacopini QUANTUM MECHANICS Lecture 5 September 17, 2019 4 /23



Stationary states

Enrico Iacopini

@ Naturally, the possibility of obtaining the
most general solution of the Schrodinger
equation as Linear combination of this subset
of "simmple" solutions must be
demonstrated ...!

© But, one thing at the time ...
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Stationary states

Enrico Iacopini

@ However, which are the "simple” solutions
that we have in mind ?
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Stationary states

Enrico Iacopini

@ However, which are the "simple” solutions
that we have in mind ?

@ Let us Look for solutions in which the spatial
and time dependence are factorized

W(z, t) = yY(z) - o(t)
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Stationary states

Enrico Iacopini

@ However, which are the "simple” solutions
that we have in mind ?

@ Let us Look for solutions in which the spatial
and time dependence are factorized

W(z, t) = yY(z) - o(t)

© From the Schrddinger equation, we obtain

dq.')(t)] h? d*y(z)

vz ){ at om dz2

(t){ + V(z)¥(z)
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Stationary states

Enrico Iacopini

@ Now, if we divide both sides of the equation
by W(z,t) = ¢(z) - ¢(t), we get

1 [maqb(t)] 1 { A2 d2vy(x)

o(t) at | “om azz T V@¥@)

— Y(x)
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Stationary states

Enrico Iacopini

@ Now, if we divide both sides of the equation
by W(z,t) = ¢(z) - ¢(t), we get

1 [maqb(t)] 1 { A2 d2vy(x)

o(t) at |- “om dzz T V@@

— Y(x)

@ But the Left hand side of the equation
depends only on the time t, whereas the right
hand side depends only on the position x.
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Stationary states

Enrico Iacopini

@ Now, if we divide both sides of the equation
by W(z,t) = ¢(z) - ¢(t), we get

1 [maqb(t)] 1 { A2 d2vy(x)

o(t) at | “om azz T V@¥@)

— Y(x)

@ But the Left hand side of the equation
depends only on the time t, whereas the right
hand side depends only on the position x.

© The only possibility to satisfy the equation is
that both sides are in fact constant.

Let us call E this constant.
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Stationary states

Enrico Iacopini

@ Now, if we divide both sides of the equation
by W(z,t) = ¢(z) - ¢(t), we get

1 [macp(t)] 1 { A2 d2vy(x)

o(t) at | “om azz T V@¥@)

— Y(x)

@ But the Left hand side of the equation
depends only on the time t, whereas the right
hand side depends only on the position x.

© The only possibility to satisfy the equation is
that both sides are in fact constant.

Let us call E this constant.

Q@ We will see in a moment that E must also
to be a real quantity.
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Stationary states

@ The original Schrodinger Linear partial Enrico facopini
differential equation then factorizes in two
ordinary Linear differential equations

Ldp(t)
h? ?y(z)
— D VD) 4 V@) = E 9@) ()
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Stationary states

@ The original Schrodinger Linear partial Enrico facopini
differential equation then factorizes in two
ordinary Linear differential equations

Ldp(t)
h? ?y(z)
— D VD) 4 V@) = E 9@) ()

© The solution of equation (1) is quite
straightforward:

o) = Ae EVR p(t) = e EL/A

where it is understood that the integration
constant A will be absorbed into 4 itself.

Enrico Iacopini QUANTUM MECHANICS Lecture 5 September 17, 2019 7/ 23



Stationary states

Enrico Iacopini

Equation (2)
h? ?*y(z)
om  dx2

is called the time-independent Schrddinger
equation and, to solve it, we need to know the
esplicit form of the potential energy V(x).

Ay(z) = — +V(@)¥(z) = E ¥(z)
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Stationary states

In conclusion, the "simple" solutions of the Enrico Tacopini

Schrddinger equation that we were Looking for,
have the following general structure

W(z,t) = e EVR ()

where 9 is a solution of the time-independent
Schrodinger equation for the energy value E and,
for these " simple" solutions, both the following
equations are satisfied

owv(zx,t)

th————= = EW(zx,t
5t (z,t)
~ h? 82
Hwv(z,t) = |———— Viz)|W(x,t) =
@) = |—ga +V@| W@
= EWwW(z,t)
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|
Why E must be real

Enrico Iacopini

Before considering in more detail the properties
of these solutions, Let us convince ourselves that
the constant E, that couples the two
equations, must be real.
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Why E must be real

Enrico Iacopini

We have already anticipated in the previous
Lecture tzhat2 the hamiltonian operator
A= -/ 9 1 v(x)is such that

2m dx2
/da: wi(z,t) - {F/Wl(a:,t)] _
— /d:r[FI\IJQ(:L‘,t)]* Wi(z, B)

for any wave functions W1 and W, which are
square-integrable (in the x variable).
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Why E must be real

Enrico Iacopini

@ Assume now W; = Wy, = W: we have

/dm (AV) = /\u* (Aw)
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Why E must be real

Enrico Tacopini
Q@ Assume now W; = W, = W: we have
/dm (AV) = /\u* (Aw)
@ but, in our case, HV = E WV, therefore
E*/da;|w|2 = E/dml\U|2
Since the integral is certainly different from

zero (it is equal to 1 if W is normalized ...),
this requires that E = E*.
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Stationary states

© Let us come, now, to consider in more detail SHITED JEEEPITT
the properties of the "simmple” solutions

V(z,t) = e EVh ()

of the Schrodinger equation.
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Stationary states

© Let us come, now, to consider in more detail Enrico Lacopini
the properties of the "simmple” solutions
V(z, t) = e "BV y(x)

of the Schrodinger equation.
@ They describe stationary states.

No matter the value of E is, the pdf
|W(zx, t)|? is time-independent. In fact

|W(z,t)|? = e’/ y*(z) e B/ y(z) = |Y(z)|?
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Stationary states

© Let us come, now, to consider in more detail Enrico Lacopini
the properties of the "simmple” solutions
V(z, t) = e "BV y(x)

of the Schrodinger equation.
@ They describe stationary states.

No matter the value of E is, the pdf
|W(zx, t)|? is time-independent. In fact

|W(z, )2 = eEt/h g (z) e Et/hqy(z) = |y(z)|?

© This means that the probability density
|W(zx, t)|? dx to find the particle between x
and = 4+ dx does not change with time.
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Stationary states

Enrico Iacopini

On a stationary state, any dynamical variable
Q, represented by the operator Q(z, —z‘ﬁ%),
will have its expectation value
time-independent: in fact

<Q> = /d:z:\u*(a:,t)[g (a: —ih 2 )W(m t)] 4
= /d:n e'Et/ Py (z) [Q <:E —i/i%) e‘iEt/ﬁw(a:)] =

= [azv@]Q (2. -1h 2 ) v(@)]
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Stationary states

Enrico Iacopini

@ In particular, the expectation value of the
position  will be time-independent

<z(t)> = / dx et/ Py (z) @ e~ EL/ hap () =

[azlw@P? o

and, therefore (Ehrenfest theorem)
< p>=m2 < x(t) >= 0 at any time.
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Stationary states

Enrico Iacopini

@ In particular, the expectation value of the
position  will be time-independent

<z(t)> = / dx et/ Py (z) @ e~ EL/ hap () =

[azlw@P? o

and, therefore (Ehrenfest theorem)
< p>=m2 < x(t) >= 0 at any time.

@ A stationary state represents a kind of
"frozen' physical state, where nothing
changes with time.
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Stationary states

Enrico Iacopini

@ Let us show, now, that the stationary states
have a definite total energy.
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Stationary states

Enrico Iacopini

@ Let us show, now, that the stationary states
have a definite total energy.

@ We have already remarked that the operator

h? &2
2+ V()

A
2m 02

represents tge dynamical variable
H(p, z) = 2~ 4 V(z), which is the
hamiltonian of the system.
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Stationary states

Enrico Iacopini

@ We have also seen that, on a stationary
state, the time — independent Schrbdinger
equation simply reads

Av(z) = EV(x)
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Stationary states

Enrico Iacopini

@ We have also seen that, on a stationary
state, the time — independent Schrbdinger
equation simply reads

Av(z) = EV(x)

@ Therefore, the hamiltonian expectation value
on a stationary state is

<H>=[aov @ (Av@) =€ [axlul =€

which justifies the name " E” we gave to this
constant.
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Stationary states

Enrico Iacopini

@ More important, on a stationary state
there is no energy uncertainty. In fact

< H? >=/d:1: Y*(x) <F/2w(:1:)>=E2/dg; |p|? = E?
which implies a null standard deviation

of =< H>> — < H>?=0
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Stationary states

Enrico Iacopini

@ More important, on a stationary state
there is no energy uncertainty. In fact

< H? >=/d:1: Y*(x) <F/2w(:1:)>=E2/dg; |p|? = E?
which implies a null standard deviation
02, =< H?>> — < H>?=0

@ In other words, if we measure the total
energy of any stationary state, we always
obtain with certainty the value E,
characterizing that particular state.
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Orthogonality of the ¥,

@ Let us show, now, that time-independent SUIAED BRI
solutions of the Schrbdinger equation
corresponding to different energies, are

mutually orthogonal:
[ az ¥i(@) ¥a(@) =0

where, by hypothesis, HY1 = E11,
Hvyo = E>yo and E1 # Eo.
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|
Orthogonality of the ¥,

Enrico Iacopini

@ Let us show, now, that time-independent
solutions of the Schrddinger equation
corresponding to different energies, are
mutually orthogonal:

[ dz vi(@ va(@) = 0

where, by hypothesis, HY1 = E11,
Hvyo = E>yo and E1 # Eo.

@ We already know that A is such that, for any
Y1 and > square-integrable, we have

[azwi (Ave) = [ dz (Fwn) ws
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Orthogonality of the ¥,

Enrico Iacopini

© but
Ay = E1 Y, Ay = Ex o
therefore we obtain that

E: [ dzviv: = Ex [ dzyivs
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Orthogonality of the ¥,

Enrico Iacopini

© but
Ay = E1 Y, Ay = Ex o

therefore we obtain that
E: [ dzviv: = Ex [ dzyivs
@ Since E;1 # E> by hypothesis, the integral

[ azwive

must be equal to zero.
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General solution of the Schrodinger
equation

Enrico Iacopini
@ Up to now, we have seen some interesting

properties of the solutions 9 of the
time-independent Schrodinger equation.
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General solution of the Schrodinger
equation

Enrico Iacopini

@ Up to now, we have seen some interesting
properties of the solutions 9 of the
time-independent Schrodinger equation.

© But how these functions can help, in order to
find the most general solution of the
time-dependent Schrodinger equation 7
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General solution of the Schrodinger
equation

Enrico Iacopini

@ Up to now, we have seen some interesting
properties of the solutions 9 of the
time-independent Schrodinger equation.

© But how these functions can help, in order to
find the most general solution of the
time-dependent Schrodinger equation 7

© In other words, if we know that a given
physical state is represented, at ¢t = O, by the
wave function W(z, 0) (initial condition),
what should we do in order to determine
the wave function at any other time t ~
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General solution of the Schrodinger
equation

Enrico Iacopini

@ The procedure to find the general solution
of the time dependent Schrddinger
equation is as follows.
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General solution of the Schrodinger
equation

Enrico Iacopini
@ The procedure to find the general solution
of the time dependent Schrddinger
equation is as follows.

@ We start by solving the time-independent
Schrodinger equation, which, in general, has
infinite solutions Y1 (x), ..., Yn(x), ...
corresponding to the energies Eq, ..., En, ...
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General solution of the Schrodinger
equation

Enrico Iacopini

@ The procedure to find the general solution
of the time dependent Schrddinger
equation is as follows.

@ We start by solving the time-independent
Schrodinger equation, which, in general, has
infinite solutions Y1 (x), ..., Yn(x), ...
corresponding to the energies Eq, ..., En, ...

© It turns out that W(z, 0) can always be
written as a Linear combination of the
stationary solutions, i.e.

V(z,0) = ch Yn(T)

with suitable complex coefficients cp,.
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General solution of Schrddinger
equation

Enrico Iacopini

@ Let us define,now, the function

V(z 1) = Y cn e B Py, (z)
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General solution of Schrddinger
equation

Enrico Iacopini

@ Let us define,now, the function

W(z,t) =) cpe Bty ()

@ Since it is a Linear combination of solutions of
the time — dependent Schrodinger equation,
it is certainly one of its possible solutions.
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General solution of Schrddinger
equation

Enrico Iacopini
@ Let us define,now, the function

W(z,t) =) cpe Bty ()

@ Since it is a Linear combination of solutions of
the time — dependent Schrodinger equation,
it is certainly one of its possible solutions.

Q@ At t =0, W(z,t) satisfies the initial
condition that we have assumed, therefore
it is the solution that we were Looking
for, because the solution with a given
initial condition is unique.
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