Enrico Iacopini

QUANTUM MECHANICS
Appendix 3

Finite square well:
Wave function normalization

Enrico Iacopini

October 16, 2019

Enrico Iacopini QUANTUM MECHANICS Appendix 3 October 16, 2019 1/9



Appendix3: calculation of the
normalization constants A and B

Enrico Iacopini

Enrico Iacopini QUANTUM MECHANICS Appendix 3 October 16, 2019 2/9



Appendix3: calculation of the
normalization constants A and B B

© Let us start from the even solutions that we
have obtained for the (bound) stationary
states associated to the finite square well.

We have found
lz| >a @ Y(@)=ae "
r<a : Yx)= Bcos(kx)

where a = Be"cos¢ and m=ar = £tg€.
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@ Let us start from the even solutions that we
have obtained for the (bound) stationary
states associated to the finite square well.
We have found

lz| > a : w(z)=ae "
r<a : Yx)= Bcos(kx)

where a = Be"cos¢ and m=ar = £tg€.

@ We intend to determine the constant B for
which |9|? is normalized (B is unique, a part
a possible complex phase ...).
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Since |¢|? is even, we will integrate only for
x > 0 and then double the result. We have

/a dzx |Y(z)|? = B? /a dx cos?(kx) =
0 0

_ 1.0/ _
= 2B /o dz [1 4+ cos(2kx)] =

_ g2 [g n lsin(Qlca)} _
2 2 2k
52 2ak + sin(2ak) 529 26 + sin(28)
o 4k T2 2¢ o
_ B2 a (1 Sin€& cosé tg&) _
2 + £tg€
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@ From the region in which £ > a, we get
o0 o0
/ dzx |Y(x)|? = aQ/ dx e "% =
a a
1
— a2 (__) e—QTx’OO —
2r a
1
a’—e
r

—2ar €

= aa?
2n
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@ From the region in which £ > a, we get

o0 o0
/ dzx |Y(z)|? = a2/ dx e "% =
a

— ( > —27“:1:)20 —

— 1 —2a'r = a a? e ?
2?“ 2N
Q But
(o]
o = Becos¢ = / dz |y (z)|? =
a

e 2n g cos?
= a B2 e?" cos?¢ _ @ g Cos7E
2n 2 n
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In conclusion, for the even solutions we have

sin2$> n cos%}
n n

/_+°° dz |¥(z)[? = a B2 Kl n

= aB? <1+1>
7

and therefore
400
[ aw@r=1 =
—00

= B l= a<1+l>
n
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Let us come, now, to consider the odd solutions,
for which

z>a : Yx)=ae "
< —a : Yx)=—ae”
r<a : YY) = Asin(kx)

where oo = Ae" siné and m = kr = —€£ ctgé€.

Enrico Iacopini QUANTUM MECHANICS Appendix 3 October 16, 2019 6 /9



Appendix3: calculation of the
normalization constants A and B

Enrico Iacopini

Since also in this case |¥|? is even, we will
integrate only for £ > 0 and then double the
result. We have

/a dz | (x)|? = A? /a dz sin’(kT) =
0 0

%AQ /Oa dx [1 — cos(2kx)] =
22 [g _ lsz‘n(Qka)} _ A2 a <1 _ 2s8iné cos$> B

2 2 2k 2 2€
_ 20 <1 _ siné cosE(—cth)) _
2 £(—ctgé) N
_ 20 cos?¢
o3 forh
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@ From the = > a region, we get again
(o.0] (0.0)
/ dzx |Y(z)|? = aQ/ dx e "% =
a a
1
— a2 (__) e—QTx’OO —
2r a
1
a’—e
T

—2ar €

= aa?
2n
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@ From the = > a region, we get again

o0 o0
/ dzx |Y(z)|? = a2/ dx e "% =
a

— ( > —27“:1:)20 —

— 1 —2a'r — Q,Oé2 6_2
2?“ 2N
@ But now
oo
a = Aelsiné = / dz |y (z)|? =
a

e %" a ., sin?
= aA%e? sin’¢ _ & g2 S
2n 2 n
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In conclusion, also for the odd solutions we have

c032£> N S’I;TLQS}
n

[ dz @) = a a2 [<1+ :

= aA? <1+1>
n

and therefore, again
400
[ ap@r=1 =
—00
1 1
= A =.,la(l+4+ —
n

8888888

Enrico Iacopini QUANTUM MECHANICS Appendix 3 October 16, 2019 9/9



