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Appendix2: The gaussian wave-packet

Enrico Iacopini

To better understand the time evolution of a free
particle, in this Appendix we will consider what
happens to a gaussian free wave-packet.
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Appendix2: The gaussian wave-packet
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© Let us assume that the normalized w.f. of a
free particle at ¢ = 0 is the following

1
V@0 = (22)} e e

with @ > 0 and k real quantities.
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© Let us assume that the normalized w.f. of a
free particle at ¢ = 0O is the following

1
2a\* iz
W(z,0) = (22)" etbe ga

with @ > 0 and k real quantities.

@ To determine the time-evolution of W, we
have to start by evaluating the function ¢(k)

— L —ikT
o(k) = m/d.’re w(z, 0)
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Appendix2: The gaussian wave-packet

0 We have Enrico Tacopini

1

1 2a\ ; 7 2

d)(k;) — < ) /da: e—zlca; ez/ca: e—a,m
V2T \ T
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o We have Enrico Iacopini
1
1 2a\ » . " )
¢ k) = —— <_) /dIE e—zlc:c ez/c:n e—a:z:
(k) =\
@ If we define Ak = k — k, the full exponent
becomes
‘ Ak\? Ak)?
—iAk T —az® = —a <a:—|—z—> _ (Bk)*
2a 4a
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o We have Enrico Iacopini
1
1 2a\ » . " )
d(k) = —— <_) /dIE e—zlc:z: ez/cm e oz
(k) V2T AT
@ If we define Ak = k — k, the full exponent
becomes

Ak\?  (Ak)?
—'L'A/czz:—a:z;2:—a,<:1:+z—k;> _ (Bk)"

2a 4a
© If we define the new variable z = = + 1;%,
we have
1
1 2a)\ # (Ak)2 5
P(k =—<—> e /dze_az
(k) 5=\
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@ But the integral of the gaussian function on Enrico Tacopini
a straight Line in the complex plane, provided
it is not perpendicular to the real axis, is
always /7; therefore

1 2a (Ak)Q —az? __
(k) = \/T_'n'< ) /dz e =

- A (B) e
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Appendix2: The gaussian wave-packet

@ But the integral of the gaussian function on Enrico Tacopini
a straight Line in the complex plane, provided
it is not perpendicular to the real axis, is
always /7; therefore

1 2a (Ak)Q —az? __
(k) = \/T_'n'< ) /dz e =

_ \/%_W<2a> (Am?[_

( 1 ) % _ (k—Fk)?
= — e 4
2aT

@ The function ¢(k) is another gaussian and,
as it should be,

[ aklow))? = 1
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Appendix2: The gaussian wave-packet

@ According to what we have already said, the Enrico Tacopini
w.f. W(zx,t) reads

1 ) - k2
\U(ZE, t) = \/T_/n— / ak (D(k)) e”cz e_lngt =

_ (k—k)2

1
1 2 1 . . hik2
= _— _— ak e’LkXI: e_"’%t e 4q
<2a7r> V2T /
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Enrico Iacopini

@ According to what we have already said, the
w.f. W(zx,t) reads

1 | 2
v(z,t) = —/dlc b(k) etk e~ %mt —

(k—Fk)?

1
1
— dk e 'L/cm 'l,%te T
<2a7r> NoT /

@ The full exponent can be rewritten as
(k—k)? _

kT — ii/czt —
2 4q
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Q If we define Enrico Iacopini
h
om
the exponent of the integrand, that we have

to integrate in the variable k, reads

2 2 2 2
—ak2+5/€—f—a=—a</€—£> +5——/C—

where the k-dependence is present only in
the first term.

1 k
a=—+4+1 t; = — 41z
4a+ b 2a+
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Appendix2: The gaussian wave-packet

0 If we define Enrico Tacopini
1 R k
a=-——+i5 1 = — 4T
4a + 2m 2a +

the exponent of the integrand, that we have
to integrate in the variable k, reads

/€2 6 62 /’%2

—ak? /c————a</c——> —_— - —
+h 4a 20 T 4o 4a

where the k-dependence is present only in

the first term.

@ We have

V(z,t) = <$>%\/12_e4a i /a/-ce—a(k——
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But, since o has a positive real part,

/d/{; e—a(k—£)" _ g

and therefore
T 1 1 B2 &2
Wz, t) = +/— (—) @4 4a —
( ) a \2am 2T

1 < 1 > B2 _&2
= _ _— e 4a 4a
2a \2aT

INTH

Bl
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Appendix2: The gaussian wave-packet

© Let us now consider in more detail the result SirileD [Exeeriil
that we have obtained.
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Appendix2: The gaussian wave-packet

© Let us now consider in more detail the result SIS BT
that we have obtained.

@ Let us start to give a more esplicit form to
the quantity o: we have

o = —+£=1<1+ @t>

2m 4a

ﬁ [1 + i’Y(t)]

where we have introduced the parameter

2ha
¥y=() = Wt
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Therefore
g2k _ (kN e B _
4o 4q 2a 1+ 3y 4q
_ ﬁ n 2ikx 0 a /c_2 .
4q2 2a 1414y 4a
k2 - 1 k2
= | — 4+ ikz — az? — — =
4q 1+ 2y 4q
k2 1—1 k2
= | — + ikz — azx? vy _ &
4a 1+9% 4a

Enrico Iacopini QUANTUM MECHANICS Appendix 2 October 8, 2019 10 / 19



Appendix2: The gaussian wave-packet

Enrico Iacopini

Let us separate the real and the imaginary parts:
we have

o k2 1 k2 5 ~ k>
————=|—=|— —az"+ vk | — —
4o 4a 14+ v2 \4a v 4q T

N e S . AR §
+ZL+’YQK$ 1+’YQ<4G aazﬂ_
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Therefore, in conclusion, we have Enrico Tacopini

1 < 1 \7 22 _
JE— [ @4a  da —
aT
l
2a7r 1-|—’L’Y
am2

e’ e

1 —a 12
= (2_&)4 1 — e1+? [m_%] .
4 14 2y
iz [ (£ -as”)]
where we have to remind that

2ha
¥=() = Wt

V(z, 1)
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Appendix2: The gaussian wave-packet

The p.d.f. defined by \U(CC, t) is Enrico Iacopini

2a —20 [ Ky
Wz, D7 = | 1 —|—’y2 et °
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The p.d.f. defined by \U(CC, t) is Enrico Iacopini

2 —2a _A_'y
Wz, )2 = = 1+’y2 e [o— 5

@ From what we know already about gaussians,
the expectation value < z > is

5 R
/vy Ic aﬁ,t_@t

T >= =
< >= 2a 2a m m
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Appendix2: The gaussian wave-packet

The p.d.f. defined by \U(CC, t) is Enrico Iacopini

P = 2 eie (2
1 -|-’Y2

@ From what we know already about gaussians,
the expectation value < x > is

<$>_l€fy kQaﬁt:@t
2a 2a M m

© and the standard deviation oz is

[+ |1+ (B2
£ 4a 4q
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Appendix2: The gaussian wave-packet

Enrico Iacopini
@ The time behaviour of < £ > says that the
particle described by the w.f. W(zx,t) moves
with a costant velocity

_
T om

()
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Appendix2: The gaussian wave-packet
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@ The time behaviour of < £ > says that the
particle described by the w.f. W(zx,t) moves
with a costant velocity

_
T om

v

@ Because of the Ehrenfest theorem, we have
a N
<p>=ma<$>=mvzﬁk

which says that the expectation value of the
particle momentum is time independent (as
it should be !) and it is simply given by m v.
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Appendix2: The gaussian wave-packet

@ The standard deviation oz of the p.d.f. Enrico Tacopini
distribution |W(z, t)|? is not constant but
grows in time:

2
oe = LJH(@Q
4q m

This occours because the different wave
components, weighted through ¢(k), tend to
separate since they have different phase
velocity and, therefore, the wave-packet
tends to spread out.
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@ The standard deviation oz of the p.d.f. Enrico Tacopini
distribution |W(z, t)|? is not constant but
grows in time:

2
oe = LJH(@Q
4q m

This occours because the different wave
components, weighted through ¢(k), tend to
separate since they have different phase
velocity and, therefore, the wave-packet
tends to spread out.

@ In the Limit t — 00, 04 grows Llinearly in
time, in fact

2, S o g | L2 R
m m,

4a-m
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Concerning the expectation value p2, we notice
that, since for the free particle 2m 92 = H, we
have < p2 >= 2m < E > and, from what we
have already seen

h2k? _

<E> = /ouc 6(k)[? Ex —/ ak|p(k)I?

B 2.0
_ /d,k: e_(szﬁ Rk
2a71 2m

therefore

1 _R)2
<p2>=ﬁ'2 %/dl{lem)k)2
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If we define the variable € = k — k, the integral Enrico lacopini
becomes

/ak: e /as e% (6+R)2 =
= [dage S (@ + 2k +R) =
and

2
/d& e~ 2 = av2ma
2

2k [dee 5 ¢ = 0

2
EQ/ag e~% = k22ma
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e T herefore Enrico Iacopini
<P >=h"———V2ma(a+ k?) = A% (a + K?
b m a(a+k) =hr(at+k)
= 02 =<p?’>— <p>’=Hha
= op = Aiva

which shows that, unlike oz, op is constant.
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© Therefore

Enrico Iacopini

2 :ﬁ2 \/— /CQ _FL2 /{;2
<p® > \/m (a+k?) (a+&?)
= 02 =< p* > — <p>?=Hha
= op = hva

which shows that, unlike oz, op is constant.

@ From the result of < p2 >, we obtain
A2
E>=— (K a
<E>=_— (K> +a)

It is obviouslLy constant but it does not
coincide with 3 /62 because of the
momentum spread
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Concerning the uncertainty relationship, since we
have found that

2
\ 4a m

their product is equal to

2

which shows that the uncertainty starts at its
minimum for ¢ = 0, then grows up and, for
t — oo becomes Llinear in time ...

8888888
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